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2In order to make contact with the work of Aarts et
al [1], in this paper we address only the symmetric case,
h(0)i = h(0)i = 0.
III. INITIAL VALUES
Assuming that initially the system is in thermal equi-
librium, the initial values (x; 0) and (x; 0) =
_
(x; 0)
are taken from a canonical ensemble governed by a clas-
sical density distribution [; ] dened as
























, and (x; t) =
_
(x; t). Correspondingly,
the ensemble average of a quantity A[; ] is dened by
hA[; ]i = TrfA[; ]g (4)
Following Aarts et al [1], we choose initial values by
randomly sampling the density distribution correspond-
ing to the free particle Hamiltonian ( = 0). For each
set of initial conditions, we time-evolve (x; t) using the




























(x; t) dx ; (5)
where (i) denotes the i
th
Monte-Carlo run and M
c
is the
total number of Monte-Carlo runs.
IV. MOMENTUM SPACE APPROACH
In the momentum space approach one introduces the


































(x; t) = 0 :
The equation of motion is solved by using an Euler
method, where the time-dierential operator is replaced

















where  is the time step. A momentum space cut-o is
used and the system is also in a box of length L. Letting























where  is the momentum cuto and a is the lattice














In this approach, the periodic boundary assumption is
implied whenever we perform numerical Fourier trans-
forms and convolutions, the continuum Fourier being re-
placed by the discrete one.
We will choose the initial values for
~
(q; 0) and ~(q; 0)



































(x; t). The corresponding equation of












(q; t) = 0 ; (9)


































































































































. Hence, the symmetric







are uniform random deviates between 0:0 and 1:0 .























































) is the high
temperature limit of the classical Bose-Einstein occupa-

























































V. PERIODIC LATTICE APPROACH
For the lattice formalism, we follow closely the ap-
proach presented in Reference [1]. We discretize the con-
tinuum equations by using a lattice in coordinate space
with spacing a and periodic boundary conditions. The






















The dispersion relation is modied due to the Laplacian














(1  cos aq) ; (14)
with a = =. The momentum q takes the same nite
number of discrete values, see Eq. (6). The relationship































The initial conditions are generated by sampling the
initial probability distribution of the unperturbed sys-
tem just as in the continuum case, with the formal dif-
ference that we replace the values of the momenta q
k
by
the shifted values q^
k


















































). However, for a given
FIG. 1: I( = 1;) and
^
I( = 1;) as a function of .
momentum space cuto , the values of h
2
(0)i given by
Eqs. (13) and (16) are not the same (see Fig. 1). This
is an artifact of solving the equations of motions on the
lattice and requiring (x; t) to satisfy periodic boundary
conditions. As a consequence, one cannot directly com-
pare continuum and lattice calculations.
VI. RESULTS
We choose to illustrate the approaches presented
above, for a set of parameters which allows us to com-
pare with results available in the literature [1]. We have
 = 1=3,  = 1,  = 4, T
0
= 5:03891094. Then,
the initial condition corresponding to the momentum
space approach is h
2
(0)i = 2:39208677, as obtained




(0) = 2:39187089, for a 0.009% error. In
turn the lattice calculation produces the continuum limit
h
2
(0)i = 2:5, provided that one choose the lattice spac-
ing a = 0:25. The lattice spacing is subsequently left
unchanged, even though one may vary the number of
lattice sites, and implicitly the lattice size (see Eq. (7)).
The numerical methods used for the numerical imple-
mentation of the two methods are well under control. In




in Eq. (5), obtained using the periodic lattice approach.
The error lines represent coordinate average deviations of
the runs as a function of t. Similar results are obtained
using the momentum space approach.




FIG. 3: Comparison of the lattice and the continuum Monte
Carlo results, respectively.
FIG. 4: Comparison of the shifted lattice and the continuum
Monte Carlo results, respectively.




(t), obtained using the periodic and momentum space,
respectively. In fact, the main source of dierence resides
in the dierent initial values. To illustrate this aspect we
depict the same numerical results in Fig. 4, but shift the





In this paper we have discussed two approaches of ob-
taining the dynamical evolution of a classical system, one
based on a lattice formulation in coordinate space, the
other in momentum space. Both methods require the
assumption of periodic boundary conditions, but the dif-
ferent levels at which this assumption is made, allows
the momentum space approach to avoid certain artifacts
of the lattice based method. In particular the intrin-
sic mismatch in initial conditions at nite cut-o values,
results in dierent values of the \thermalized" eld, at
large times. The discrepancy is worse for smaller values
of the cut-o, but the two approaches converge to the
same result in the continuum limit. The mismatch in
initial conditions is due to the fact that by using a nite
dierence approximation for the spatial derivative oper-
ator together with the assumption of periodic boundary
conditions on the lattice, we have in fact introduced a
approximation of the dispersion relation (see Eq. (14) {
lattice, and Eq. (10) { continuum), which is now viewed
as an expansion in the lattice spacing a. In order to im-
prove the quality of the spatial derivative approximation
in the lattice case, one would normally have to take the
limit when the lattice spacing a goes to zero. We are
however prevented from doing that, since the choice of
the momentum cut-o  also determines the choice of
the lattice spacing a = =. Consequently we cannot
improve the agreement of the lattice dispersion relation
with the continuum for a given momentum space cut-o.
The momentum space (continuum) approach does not
exhibit this limitation.
One may think of modifying the unperturbed Hamilto-
nian in order to eectively obtain a higher-order approx-
imation of the dispersion relation while still having the
same type of equations of motion, similar to the improved
action framework in lattice QCD. This would result in
new values q^
2
, and would require cancelling the various
orders of a in a rigorous fashion. (The standard lattice
calculation introduces values of q^
2
which dier from q
2
already at order a
2
.) However, this is beyond the scope
of the present work, and since we are in fact able to ob-
tain an exact solution for the continuum problem, we
merely state here the dierences between the lattice and
the continuum approach.
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